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Two-Impulse Orbit Transfer Error Analysis

via Co variance Matrix
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and
E.Vogelt
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An algorithm for the determination of the orbit insertion errors in two-impulse noncoplanar orbital transfers,
with fixed time between the impulses, is presented. Inputs to the algorithm are the covariance matrices of the
source errors, and the nominal parameters of the transfer. The results yield the covariance matrix of the post-
orbit insertion errors, also expressed in terms of the final orbit element errors. The method requires that the
second impulse be delivered at an apogee.

Nomenclature
a =semimajor axis
c = cosine
C = covariance matrix
e = eccentricity
E = eccentric anomaly
H = angular momentum
/ = inclination
n = normal (transverse) displacement
p = semiparameter
r = orbit radius
s =sine
t =time
T = transfer matrix
V = velocity
a. = plane change
/3 = path angle (measured from outward vertical)
7 = velocity azimuth
<5 = angle between Kand Kmotor
A = increment or error
f = yaw error (positive with nose left)
X = latitude
£ = pitch error (positive with nose down)
T = orbit period
<£ = true anomaly
ft = nodal position
Subscripts/ Superscripts
a =apogee
/ = post-orbit insertion
p = initial point of transfer orbit
N = normal
R = radial
T = tangential
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/ = matrix transpose
0 = initial Condition
/ = apsidal
2 = transverse

Introduction

THIS paper describes an algorithm for closed-form
estimation of orbit insertion errors in any single- or dual-

impulse orbital transfer. Typically, the method applies to a
mission model consisting of: 1) insertion into a transfer orbit,
starting from a noncoplanar parking orbit, or from suborbital
initial conditions, followed by 2) insertion, near transfer orbit
apogee, into noncoplanar final orbit. The stage motors'
ignition may be time scheduled or independently controlled.

The method assumes that statistical description of the
initial condition errors and of the error contribution of each
stage be available in the form of covariance matrices. The
method consists of propagating these source errors
throughout the subsequent transfer. Source errors introduced
at intermediate stages of the transfer are treated as
statistically independent of the existing cumulative errors,
thus the covariance matrix of their effects is added to the
corresponding matrix of the propagating errors. Alternately,
the orbit insertion errors could be estimated by a Monte Carlo
technique. The advantages of a closed-form approach are
simplicity and smaller computation time.

The originality of this algorithm is not in the covariance
matrix formulation, well known from estimation theory,1 '2
but in the derivation of the propagation (transfer) matrices.
Some of these are obtained by simple geometrical con-
siderations associated with the impulsive velocity vector
composition, others are derived from Keplerian mechanics.3'4
In all of them nominal values of the orbital parameters,
velocity increments, and angular values of the plane changes
required by a given transfer mission appear in the expressions
defining their elements.

An application of this method to a typical shuttle-based
transfer mission with 20 deg plane change was described in
Ref. 5. The present paper includes an application to a single-
stage coplanar transfer from a suborbital ascent trajectory
into a Sun-synchronous orbit, using a booster-initialized spin-
stabilized stage vehicle with a time-constrained apogee motor.

Description of the Method
The general case of a two-impulse noncoplanar orbital

transfer is analyzed. Time-constrained impulses are applied
near the extremes of the transfer orbit. The algorithm
illustrated in Fig. 1 is described in the following paragraphs.
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1)  Cpo is the covariance matrix of the initial condition 

errors Pro, AVO, Ap,, and Ayo.  For a conventional launch 
vehicle, this matrix is normally generated by the launch 
vehicle supplier; for a shuttle mission, this matrix describes 
the stage vehicle error state at the time of first motor ignition. 

2) Cps and C, are the covariance matrices of the impulse 
( A V ) ,  attitude (A(,A{), and timing ( A t )  errors contributed 
by the perigee kick motor (PKM) and the apogee kick motor 
(AKM). 

The impulse error depends upon the motor selection. The 
attitude errors during burn depend on the stage vehicle mode 
of operation after separation from the launch vehicle, i.e., on 
whether the stage vehicle is spin stabilized or body stabilized 
during burn. They are additionally dependent upon whether 
the stage vehicle attitude throughout the orbital transfer is 
tied to the original attitude established by the launch vehicle 
prior to separation, or is initialized prior to each burn by an 
attitude control system. These options, available to the stage 
vehicle/spacecraft system designer, are important tradeoff 
elements in evaluating the system cost/complexity vs orbit 
insertion accuracy. However, they exceed the scope and 
limitations of this paper. Suffice it to say that a preliminary 
dynamic analysis of the stage/spac$ vehicle system 
throughout the orbital transfer is necessary to  assess the 
expected attitude/nutation errors during each burn. 

The Algorithm 
1) The matrix Cpo (set Aro, A V,, Ap,, Ay,) , expressed in 

the orthogonal right-handed orbital coordinates R,, To, No  
(outward radial, forward tangential, normal), is transformed 
by the transfer matrix T,,, into an equivalent matrix CAo (set 
Ar,, A Vp, Ap,, Ayp ) , eipressed in post-burn coordinatis R,, 
Tp, N p  (Fig. 2a): 

/ 

/Ro: #, 
a )  Initial Condition Transfer 

b )  PKM Error  Transfer 

Fig. 2 Transfer through first burn. 

Aa3 Fi, 
a )  P re -AKM E r r o r  Transfer 

nva k rn 

‘ a  J 
/;I,;Rf b )  AKM Er ro r  T rans fe r  

Fig. 3 Transfer through second burn. 

equivalent matrix Cis in the set Arp, AV,, A@,, Ayp (Fig. 2b): 

cis = T p s  c p s  T;)s (2) 

3) The covariance matrices Ci0 and CLS can be added to 
describe the vehicle error state at the end of first burn (begin 
of transfer orbit): 

CPl = Cio + cis (3) 

4) The matrix Cpl (set Arp, AV,, Ap,, A?,) is then 
transformed into the matrix Coo (covariance matrix of the 
“initial” condition prior to second burn) in the set Ar,, An,, 
AV,,, AV,,, AV,,. The tangential position error is not 
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relevant to this analysis and is omitted. The transfer equation is

J. SPACECRAFT

(4)

5) As before, Ca0 and the AKM error covariance matrix Cas are transformed (Fig. 3) into equivalent post-burn matrices C'a0, C'as
(set AA> A/iy, A VfR, A V^ A VfN ) :

(5 )'ao — Tao Ca0 Tl
a0

and are added to describe the vehicle error state at the end of second burn (begin of final orbit):

(6)

(7)

6) A final transformation Tf transforms Cfa into the covariance matrix Cfe of the final orbit element errors (Aaf, Acy, A//-,
AIM:

cf=rfcfarf (8)

The following special cases can be analyzed:
1) Coplanar two-impulse Hohman transfer. Set equal to zero the value of the plane change in the transformation matrices of

Eqs. (1) and (2), or (5) and (6), or both.
2) Single- or tandem-stage perigee or apogee insertion. Set equal to zero the appropriate stage error covariance matrix and the

apogee or perigee plane change, where required.
Note that, although the general formulation of the method implies a first burn at perigee, the algorithm is applicable to apogee

insertion missions from ballistic ascent trajectories. To this purpose, the matrix Tpa has been developed with the capability of
accepting any begin-of-transfer anomaly (<t>p ^0).

The Transfer Matrices
Definition: Let the transfer matrix Tab transform the m-dimensional error set A into the n-dimensional error set B. The (ij)

element of the matrix is defined by Tab ( i j ) = dBf/dAj.

Initial Condition Errors Through First Burn Transfer Matrix, Tp0

The matrix Tp0, for the transformation of Ar0, A V0, A/30, Ay0 into Arp, A Vp, A0p, Ayp, is defined by:

(9)

PKM Errors Through First Burn Transfer Matrix, Tps

The matrix Tps, which transforms A FPKM, A£PKM, AfPKM, AfPKM , into Arp, AKp, A0,, Ayp is defined by Eq. (10). The element
TpS (3,4) (row 3, column 4) is derived in Appendix B, Eq. (B3).

(10)

A/3, =

" 1 0 0 0

0 a 0 V0sap

0 0 V0/Vp 0

0 -(l/yp)sap 0 (V0/Vp)cotp

Ar0 -

f

w.
I ATP .

0 0 0

c(dp-ap) 0 -*W(8p-°

o KpKM o
s(Sp-ap) Q ^pKMc(6p-«P)

VP VP

0

0
v° 1Vp(l-e0)\

0

AKPKM

A£pKM

AfpKM

L A,PKM _

Table 1 Transfer matrix T

A/3, AT,

a(l-e2)s<i>p

d-e}2

0

Vp(l-e]

aR d.EaS\drp d<f>a \ 3Ea dEa/\d(3
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Transfer Matrix, Tpa

The matrix Tpa which propagates Cpt (set Arp, AVp, A/3p, A7p) into Ca0 (set Ara, Ana, AVaR, AVaT, AVaN) is defined in Table 1.
Its derivation is described in Appendix A.

An earlier method of error propagation along a conical coast arc, with no restriction on the position of the end points, is
described in Ref. 6. Its main differences from this approach are: 1) It does not include the effects of a launch vehicle-initialized,
spin-stabilized stage with a time-constrained AKM on the propagation of Arp, AKp , and A/3p into the near-apogee radial velocity
error. 2) It does not provide closed-form solutions.

Apogee Errors Through Second Burn Transfer Matrix, Ta0

The matrix Ta0, which transforms Ca0 into C'a0 (set Arf, Anf, AK//?, AK^, AF /yv), is defined by:

(11)

" A'/ "

AVjr

_ A K / N _

=

^ 1 0 0 0 0

0 caa 0 0 0

0 0 1 0 0

0 0 0 caa saa

0 0 0 -saa caa

A/*

AA?

AKM Errors Through Second Burn Transfer Matrix, Tas

The matrix Tas, which transforms the AKM errors A KAKM, A? AKM, Af AKM, A?AKM into Arf, Aw/, A VfR, A K^, A VfN, is defined
by:

AT, -

Arty

=

0 0 0 0

0 0 0 0

c(£G-cO 0 - FAKM5-(6fl-aa) 0

^5(6 a -a a ) 0 ^AKM^fl-cO °

~ AF

A^AKM

_ A/^AKM

(12)

Table 2 Transfer matrix Tf

Arf Mf AVfR AY,? AK/N

Afly 2 ( a f / r f ) 2 0 0 2af(2af-rf)
Vff

0

&efl (ef + c4>f)/rf 0 0 2 (ef + <#,) / Vf 0

Ae/2 0 0 0 (elliptic orbits) 0 0
1 / Vj- (circular orbits)

s\a/rfsif

///y (for/y =
Vfsif

HV

Afll

0 (foriy =

s\a/(Vfs2if)

0 (for/7 = 0)

Table 3 Modified apogee error covariance matrix

rf
"fy
vn
VfN

/y,m

2,135,000
0
1312

-2417
0

nf* m

0
1,559,000
0
0
1939

K^.m/s

0.07663
0
137.4

-0.9959
128.3

Kyy, m/S

-0.5886
0

-0.03023
7.899
0

VfN, m/s

0
0.1359
0.9574
0
130.7

3a error 4384 3745 35.16 34.29
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Table 4 Modified final orbit error covariance matrix

afefl
if
tif

3a error

Of. mj
17,570,000
2.547
0.1043
0
0

12,570

efi
0.9454
4 . 1 x l O ~ 7

-9.9xlO-9

0
0

0.00193

*f2

0.01605
-0.009976

2.4X10-6

1.25xlO~ 4

-2 .8x lO~ 5

0.00465

if, deg

0
0

-0.9605
0.0071

-0.00169

0.2528

fydeg

0
0

-0.8013
-0.8856

5.15xlO~ 4

0.0681

The element Tas (3,4), (row 3, column 4) is derived in
Appendix B, Eq. (B2).

Final Orbit Transfer Matrix, T
The matrix T< which transforms Cfa into Cy, is defined in

Table 2, and derived in Appendix C.

Example
The following is an application to a single-stage coplanar

transfer from a suborbital ascent trajectory, which starts at
the booster separation altitude of 260 km, into a 600 km
circular Sun-synchronous orbit, using a booster-initialized
spin-stabilized stage vehicle with a time-constrained apogee
motor.

Nominal Parameters
= 5,821,992m
= 0.197323
= 4421s
= 6,634,039m
-7189.62 m/s

4>p =142 deg
•a = 6,970,805m
Va =6774.85 m/s
\a = 12.44 deg S
Vf =7561.78 m/s

f

vf
K AKM

= 6,970,805m
= 0
= 97.73 deg
= 0deg
= 786.93 m/s

In the absence of a PKM and a plane change, the following
additional entries are made:

=O e0=e

Expected 3<r Initial Condition Errors
The expected 3a initial condition errors are:

3a Errors Correlation coefficients
Ar«,-AK0 =-0.3
Ar -A0 0 =-0.8

A/-0 =457.2m kr0-
AK0 =3.35 m/s Ar0-
A00 =0.06 deg AK0 —A00 = -1-0.4
A70 =0.05 deg

Expected 3a AKM Errors
AKAKM =5.9 m/s (0.75%)
A£AKM ^A^AKM =2.47 deg
A/AKM =10s

The above data determine the initial condition and the
AKM error covariance matrices. The relevant transfer
matrices are obtained from the nominal parameters. Due to
the absence of PKM and plane change, the matrix Tps is
irrelevant and Tp0 and Ta0 are unity. The "modified" post-
burn and final orbit element error matrices are given in Tables
3 and 4. The modification indicates replacement of the matrix
elements above the main diagonal with the corresponding
correlation coefficients. These tables also show the 3a errors.

Conclusions
An algorithm for closed-form propagation and estimation

of the orbit insertion errors in two-impulse noncoplanar
orbital transfers, with time-constrained impulses, has been
presented. By skillful use, the flexibility of the algorithm
makes it applicable to most shuttle-based transfer missions, as
well as missions originated by conventional launchers.

Appendix A: Derivation of Transfer Matrix Tpa

For generality, it is assumed that the transfer is non-
Hohman, with the transfer angle to nominal apogee less than
180 deg. The approach consists of: 1) determining the effects
of the initial point errors (Arp, AVp, Aj3p, on the
transfer orbit elements a, e, r; 2) determining the effects of
these and of the initial point errors on the near-apogee
altitude, transverse displacement, and velocity error com-
ponents.

Effects of Arp

Effects on Transfer Orbit Elements
1) Effects on semi-major axis: From

V2lv + lla = 2r (Al)

differentiation at the initial point, with V— Vp = const, yields

da/drp=2(a/rp)2=2[ra/[rp(l+e)]}2 (A2)

2) Effect on period: From T = 2-K\Ia3/p

dr/drp = ( d r / d r a ) ( d r a / d r p ) = 3ra/r2
p

3) Effect on eccentricity: From

- V2r/n)s2/3

(A3)

(A4)

differentiating with respect to rp, with V- Vp-const.,
l8 = /5p = const., and using Eqs. (Al), (A4), and the equation

= a(l-e2)/(l+ec(t>)

one obtains

(A5)

(A6)

Effects on Near-Apogee Position and Velocity
1) Effect on radius: From

ra=a(l + <?) (A7)

by differentiation and use of Eqs. (A2), (A5), and (A6),

e)2 (A8)

2) Effect on transverse displacement: dna/drp = 0.
3) Effect on tangential velocity component: From Eq.

(Al), differentiating at apogee with K= VaT and r = ra, and
substituting Eqs. (Al), (A2), (A5) and (A8)

(A9)

4) Effect on radial velocity component:
a) Effect on initial condition of eccentric anomaly: From

j~< _ _ y (A10).
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by differentiation and use of Eqs. (A2), (A5), (A6), and of the
equation

one obtains
dEp/drp=-a(sEp/e)/r2

p

dEp/drp=0 for e = 0

(All)

(A12)

b) Effect on eccentric anomaly at AKM burn: It is assumed
that the AKM is controlled by a timer. Due to variation of the
orbital period, under nominal timing conditions the AKM will
be ignited before or after true apogee. Let the true and the
eccentric anomaly at AKM burn (assumed impulsive) be

(A13)

Since the time from perigee is

t=(r/2*)(E-esE) (A14)

the time from the initial point is

t'=t-tp = (T/2v)[(E-esE)-(Ep-esEp)] (A15)

The nominal time of AKM firing is r/2-tp. Substituting this
for t' and incrementing with errors all the variables in Eq.
(Al 5), yields

- [Ep

Simplifying and retaining only first-order terms,

bEa __(*-•
brn \ T

ir-Ep+esEp

/ sEp \ de
\ 1 + e ) drn

c) Effect on true anomaly at AKM burn: From

c<t>=(cE-e)/(l-ecE)

differentiating with respect to E, yields

=( [(l-e2)sE]/(l-ecE)2}dE

(A16)

(A17)

By substitution of Eq. (A13) for the AKM burn conditions
and by first-order approximation:

(A18)

(A19)

d<t>a/dEa=^

d) Effect on radial velocity component: From

by time differentiation, with/? and e constant

r=(dr/d<t>)i>=(en/H)s<t>=[eVa/(l-e)]s<t) (A20)

Substituting the AKM burn condition [Eq. (A13)] and first-
order approximation yield

(A21)

The component of radial velocity AF0/? can be obtained by
inspection of Figs. 3 and Al. Since the AKM thrust is
nominally orthogonal to the apsidal line, the resultant radial

Fig. Al Relationship be- Apogee^
tween true anomaly and
radial velocity. A

velocity component is

Substituting Eq. (A21), the relationship
VfCaa — Va and using first-order approximation

(A22)

e) Overall effects: The effect of Arp on AK f f /?, including the
effect of the nominal AKM velocity increment, is

/d<t>a) (d<t>a/dEa)(dEa/drp) (A23)

If the AKM ignition is independently controlled,
W.K/drp=0.

5) Effect on normal velocity component: The effect is
8VaN/drp=0.

Effects of A Vp

Effects on Transfer Orbit Elements
1) Effect on semi-major axis: Differentiating Eq. (Al) at

the initial point, with r — rp — const, yields

da/dyp=2a(2a-rp)/(rpVp) (A24)

2) Effect on period: From Eqs (A3) and (A24)

dr/dVp = ( d T / d a ) ( d a / d V p ) = 3 T ( 2 a - r p ) / ( r p V p ) (A25)

3) Effect on eccentricity: Differentiating Eq. (A4) at the
initial point, with r = rp = const, and using Eqs. (Al) and (A5)

be/bVp=2(e + c<t>p (A26)

Effects on Near-Apogee Position and Velocity
1) Effect on radius: Differentiating Eq. (A7) and sub-

stituting Eqs. (A24), (A26), and (A5) yields

(A27)

2) Effect on transverse displacement: dna/dVp=Q.
3) Effect on tangential velocity component: From Eq.

(Al), differentiating at apogee with V=VaT and r = ra and
substituting Eqs. (Al), (A5), (A24), and (A27) yields

(A28)

4) Effect on radial velocity component:
a) Effect on initial condition of eccentric anomaly: Dif-

ferentiating Eq. (A10), and substituting drp = 0 and Eqs.
(A24),(A26),(A5),and(All) ,

(A29)dEp/dVp = 0 for e = 0
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b) Effect on eccentric anomaly at AKM burn: Following
the same approach leading to Eq. (A 16),

(A30)

c) Overall effects: The comprehensive effect, including the
effect of the nominal AKM velocity increment, is

(A31)

If the AKM ignition is independently controlled,
dyaR/dVp=0.

5) Effect on normal velocity component: dVaN/dVp=Q.

Effects of Afip

Effects on Transfer Orbit Elements
1) Effects on semi-major axis: Differentiating Eq. (Al)

with V= Vp = const . and r = rp= const . , yields

da/dpp = 0

2) Effect on period: From Eq. (A3),

dr/d(3=0

(A32)

(A33)

3) Effect on eccentricity: Differentiating Eq. (A4) at the
initial point, with V— Kp=const. and r — rp = const., using
Eqs. (A4) and (A5) yields

de/d(3.= - (7 - e2)s<t>_ / (1 + ec^>.) (A34)

Effects on Near-Apogee Position and Velocity
1) Effect on radius: Differentiating Eq. (A7) and sub-

stituting Eqs. (A32) and (A34),

= -a(l-e2)s<i>p/(l+ec<t>p) (A35)

2) Effect on transverse displacement: dna/df3p =0.
3) Effect on tangential velocity component: Differentiating

Eq. (Al) at apogee, and substituting Eqs. (A32) and (A35)

(A36)

4) Effect on radial velocity component:
a) Effect on initial condition of eccentric anomaly: Dif-

ferentiating Eq. (A 10) and substituting drp=Q and Eqs.
(A32), (A34), (A5), and (Al 1) yields

(A37)

b) Effect on eccentric anomaly at AKM burn: Similar to
Eq. (A16)

de (A38)d(3p \ 1 + e / dj3p

c) Overall effects: The comprehensive effect is

*VaR/Wp = (bVaR/d4>a) (d<t>a/dEa)(dEa/d{3p) (A39)

If the AKM ignition is independently controlled,
dVaR/d(3p=0.

5) Effect on normal velocity component: dVaN/dj3p=0.

Effects of A7p

An azimuth error Ayp produces a transverse displacement
AA?O of the apogee location and a normal velocity component

AKaA,. Their magnitude is a function of the transfer angle
K — <t)p. From simple geometrical considerations:

dna/dyp — ras$p (A40)

dVajy/dyD =• — V c4> (A41)

Singular Case of Circular Transfer Orbits
The limit case of a circular transfer (e = Q) occurs when a

two-point burn is used only to change the plane of a circular
orbit. The true and the eccentric anomaly at the initial point is
typically 0. Note, however, that of the three in-plane source
errors Arp, AVp, A/3^ only the effects of the first two are
amenable to the limit case evaluation with e = 0 and
(t>p=Ep=0. This is because these errors do not modify the
orientation of the apsidal line. Thus an apsis arises at the
second impulse point, and the expressions derived in the
previous sections, seeking the error propagation at that point,
yield the correct results. This is not so for A/3p which rotates
the apsidal line by 90 deg. Modifying Eqs. (A34) and (A38)
by using <t>p =EP =90 or 270 deg, when e = 0, to account for
an apsidal line transverse to the nominal impulse line, would
yield the correct results at the true apsis, but not at the second
impulse point where they are needed. These, however, are still
obtained by <t>p=Ep=Q in Eqs. (A35) and (A36), while Eq.
(A39) must be replaced by dVaR/d/3p = Vp of immediate
geometrical derivation.

Appendix B: Effects of AKM Timing Error Af AKM
A timing error A/AKM causes the AKM to burn at the time

7/2 - tp + A/AKM from the initial point. The true and eccentric
anomalies at the burn point are given by Eq. (A13). Sub-
stitution into Eq. (A15) yields

(Bl)

The effect of ArAKM on AKa/?, which is the only first-order
effect, can be computed by

which, by substitution of Eqs. (A22), (A18), and (Bl), and
7 = 2ir^a3 /n yields

(B2)

By appropriate change of symbols and by observing that
A@p=AVpR/Vp, this expression yields the post-perigee burn
effect of a PKM timing error on path angle, i.e.,

WP/dtPKM=V0(cap-V0/[Vp(l-e0]}rp (B3)

Appendix C: Derivation of the Transfer Matrix 7}
Let the nominal parameters of the final orbit be af, ef, i f ,

ttf. Source errors for this phase are Aiy, Anf, AK//?, AFyy,
AKyry, i.e., the insertion point errors.

Effects of Ary

The primary effects of A/y are semi-major axis and apsidal
component of eccentricity variations.

Effects on semi-major axis: From Eq. (A2)

daf/drf = 2 ( a f / r f ) 2 (Cl)

Effect on eccentricity (apsidal component): From Eq. (A6)

def]/drf= (ef + c<f>f)/rf (C2)

where fy is the nominal anomaly of the final orbit at the
insertion point.
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Nor th

A Apogee
OH Perpend, to
06 Perpend, to OF

Fig. Cl Effects of Anf.

North

3fs in( i f
Fig.Cl Effects of AK /yv.

Effects of A/iy
A transverse displacement Anf

= Arty/Ay of the orbit
corresponds to a rotation

plane about the radius vector
perpendicular to that at apogee. Let this rotation, represented
by the vector OH in Fig. Cl , be decomposed into:

1) Component along the line of nodes, OF = A^ys(AC).
2) Component perpendicular to the line of nodes,

OG = A^yC(AC). The first component yields an inclination
variation. The second, from the triangle CDE, yields the
nodal drift Atif = (CD)sif = IOGI /sif. Since

s(AC) = sAa/s/y

the above relationships yield

dtif/dnf= - (^S2if-s2\a)/(rfs2if)

(C3)

When /y = 0, any rotation Ai/y affects the nominal in-
clination, and a nominal nodal position cannot be defined,
thus

dif/dnf = i rf dQf/dnf =

Effects of A ytfR
A radial velocity error primarily affects the transverse

component of eccentricity. However, except for the case of a
circular final orbit, this effect is negligible. This can be seen as
follows. The path angle associated with AK//? is A/3y =
-AF//?/ Ky, thus from Eq. (A32):

daf/3VfR = - ( 7 / K y ) (daf/dpf) =0

and from Eq. (A34),

def/dVfR = - (I/Vf) (def/d/3f)

(C5)

(C6)

For final orbit insertion at perigee or apogee, the nominal
value of </>y is respectively 0 or TT, which produces
def/dVfR=Q. However, for circular orbit insertions, a
transverse ovalization arises from AK / /?, which in the limit
implies </>y = ir/2, and, from Eq. (C6):

Effects of A VfT

As with A/y, A VJT affects only Aaf and Aef] .
Effect on semi-major axis: From Eq. (A24)

= 2 a f ( 2 a f - r f ) / ( r f V f )

Effect on eccentricity: From Eq. (A26)

(C8)

(C9)

Effects of AK/yv

The effect of AK/N is a rotation of the orbit plane by the
angle A0y = AKyy/ Vf about the line of apsides. This rotation,
represented by the vector OA of Fig. C2, can be decomposed
into: 1) component along the line of nodes, and 2) component
perpendicular to the line of nodes. As before, the second
component produces the nodal rotation AQy = A0ys(AC)/s/y,
thus substituting from Eq. (C4):

(C4)

d i f / d V f N = ( ^ / s 2 i f - s 2 \ a ) / ( V f s i f )

d Q f / d V f N = s \ a / ( V f s 2 i f ) (CIO)

Similarly, for if = 0, dif/d V f N = \ f Vf, and dtif/d VfN = 0.
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