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An algorithm for the determination of the orbit insertion errors in two-impulse noncoplanar orbital transfers,
with fixed time between the impulses, is presented. Inputs to the algorithm are the covariance matrices of the
source errors, and the nominal parameters of the transfer. The results yield the covariance matrix of the post-
orbit insertion errors, also expressed in terms of the final orbit element errors. The method requires that the

second impulse be delivered at an apogee.

Nomenclature
=semimajor axis
=cosine
=covariance matrix
=eccentricity
=eccentric anomaly
=angular momentum
=inclination
=normal (transverse) displacement
=semiparameter
=orbit radius
=sine
=time
=transfer matrix
=velocity
=plane change
=path angle (measured from outward vertical)
=velocity azimuth
=angle between Vand V.
=increment Or error
=yaw error (positive with nose left)
=latitude
=pitch error (positive with nose down)
=orbit period
=true anomaly
=nodal position
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Subscripts/Superscripts
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{ =matrix transpose
0 =initial condition
1 =apsidal

2 =transverse

Introduction

HIS paper describes an algorithm for closed-form
estimation of orbit insertion errors in any single- or dual-
impulse orbital transfer. Typically, the method applies to a
mission model consisting of: 1) insertion into a transfer orbit,
starting from a noncoplanar parking orbit, or from suborbital
initial conditions, followed by 2) insertion, near transfer orbit
apogee, into noncoplanar final orbit. The stage motors’
ignition may be time scheduled or independently controlled.
The method assumes that statistical description of the
initial condition errors and of the error contribution of each
stage be available in the form of covariance matrices. The
method consists of propagating these source errors
throughout the subsequent transfer. Source errors introduced
at intermediate stages of the transfer are treated as
statistically independent of the existing cumulative errors,
thus the covariance matrix of their effects is added to the
corresponding matrix of the propagating errors. Alternately,
the orbit insertion errors could be estimated by a Monte Carlo
technique. The advantages of a closed-form approach are

. simplicity and smaller computation time.

The originality of this algorithm is not in the covariance
matrix formulation, well known from estimation theory, !
but in the derivation of the propagation (transfer) matrices.
Some of these are obtained by simple geometrical con-
siderations associated with the impulsive velocity vector
composition, others are derived from Keplerian mechanics. 3
In all of them nominal values of the orbital parameters,
velocity increments, and angular values of the plane changes
required by a given transfer mission appear in the expressions
defining their elements.

An application of this method to a typical shuttle-based
transfer mission with 20 deg plane change was described in
Ref. 5. The present paper includes an application to a single-
stage coplanar transfer from a suborbital ascent trajectory
into a Sun-synchronous orbit, using a booster-initialized spin-
stabilized stage vehicle with a time-constrained apogee motor.

Description of the Method

The general case of a two-impulse noncoplanar orbital
transfer is analyzed. Time-constrained impulses are applied
near the extremes of the transfer orbit. The algorithm
illustrated in Fig. 1 is described in the following paragraphs.
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Fig.1 Ilustration of algorithm.

Input Errors

1) C,, is the covariance matrix of the initial condition
errors Ar,, AV,, AB,, and Ay,. For a conventional launch
vehicle, this matrix is normally generated by the launch
vehicle supplier; for a shuttle mission, this matrix describes
the stage vehicle error state at the time of first motor ignition.

2) C,, and C, are the covariance matrices of the impulse
(AV), attitude (A&,A¢), and timing (Atr) errors contributed
by the perigee kick motor (PKM) and the apogee kick motor
(AKM).

The impulse error depends upon the motor selection. The
attitude errors during burn depend on the stage vehicle mode
of operation after separation from the launch vehicle, i.e., on
whether the stage vehicle is spin stabilized or body stabilized
during burn. They are additionally dependent upon whether
the stage vehicle attitude throughout the orbital transfer is
tied to the original attitude established by the launch vehicle
prior to separation, or is initialized prior to each burn by an
attitude control system. These options, available to the stage
vehicle/spacecraft system designer, are important tradeoff
elements in evaluating the system cost/complexity vs orbit
insertion accuracy. However, they exceed the scope and
limitations of this paper. Suffice it to say that a preliminary
dynamic analysis of the stage/space vehicle system
throughout the orbital transfer is necessary to assess the
expected attitude/nutation errors during each burn.

The Algorithm :

1) The matrix C,, (set Ary, AV, AB,, Ay,), expressed in
the orthogonal right-handed orbital coordinates Ry, Ty, N,
(outward radial, forward tangential, normal), is transformed
by the transfer matrix T, into an equivalent matrix C,, (set
Ar,, AV, AB,, Ay,), expressed in post-burn coordinates R ),
T,, N, (Fig. 2a):

Cro=TpCrTho N

2) The matrix C, (set AVpym, Afpgm, Afpkms Alpxm)s
expressed in body axes, is similarly transformed into an

P a) Initial Condition Transfer

VpkmAgpkm

b) PKM Error Transfer
Fig. 2 Transfer through first burn.
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Fig.3 Transfer through second burn.

equivalent matrix C,, in the set Ar,, AV, AB,, Ay, (Fig. 2b):
Cps=T,C, T )

3) The covariance matrices Cpy and C,; can be added to
describe the vehicle error state at the end of first burn (begin
of transfer orbit):

C

p1= ,cl)0+c;7: (3)

4) The matrix C,, (set Ar,, AV, AB,, Ay,) is then
transformed into the matrix C,, (covariance matrix of the
“initial’’ condition prior to second burn) in the set Ar,, An,,
AV,p, AV,;, AV,,. The tangential position error is not
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relevant to this analysis and is omitted. The transfer equation is

Co=T,oCy T" C)

pa~pt* pa

5) As before, C,, and the AKM error covariance matrix C,, are transformed (Fig. 3) into equivalent post-burn matrices Cgy, Cp
(set Ary, Any, AV e, AV, AV )

Coo=T4Co0Th (5)
C;S = THS CHS T:IS V (6)

and are added to describe the vehicle error state at the end of second burn (begin of final orbit):
Cro=Cop+Cos @)

6) A final transformation 7 transforms C,, into the covariance matrix Cj, of the final orbit element errors (Aa,, Ae,, A,
AQ,):
J

C,=T,Cy, T ®)

The following special cases can be analyzed:

1) Coplanar two-impulse Hohman transfer. Set equal to zero the value of the plane change in the transformation matrices of
Eqgs. (1) and (2), or (5) and (6), or both.

2) Single- or tandem-stage perigee or apogee insertion. Set equal to zero the appropriate stage error covariance matrix and the
apogee or perigee plane change, where required.

Note that, although the general formulation of the method implies a first burn at perigee, the algorithm is applicable to apogee
insertion missions from ballistic ascent trajectories. To this purpose, the matrix 7,, has been developed with the capability of
accepting any begin-of-transfer anomaly (¢, #0).

The Transfer Matrices

Definition: Let the transfer matrix T,, transform the m-dimensional error set 4 into the n-dimensional error set B. The (i,j)
element of the matrix is defined by T,, (i,j) =8B,;/3A,.

Initial Condition Errors Through First Burn Transfer Matrix, Tp”
The matrix T, for the transformation of Ar,, AV, AB,, Ay, into Ary, AVP,AB[,, Ay, is defined by:

Ar, 1 0 0 0 Ar,

v, 0 «a 0 Vosa, AV,
_ ©)

A, 0 0 Vol V, 0 AB,

Ay, 0 —(1/V,) 5w, 0 (Vo/V,)ca, Ay,

PKM Errors Through First Burn Transfer Matrix, 7,

The matrix T, which transforms AVpgy, Afpgms Alprm» Alfpku, into Ar,, AV, AB,, Ay, is defined by Eq. (10). The element
7,5 (3,4) (row 3, column 4) is derived in Appendix B, Eq. (B3).

[ 0 0 0 0 ]
Ar AV,

? c(8,—a,) 0 —Vexms (8, —at,) 0 M
SO I Ve 0 Yo [, - Vo] Abeav | (1)
AB, Ve "o ’ Vp(I—eQ) Alprm

s(0,—a,) Vprm€ (0, —a,)
S0~ %) YpkmClOp 7 0p) 0
Ay, 2 0 v, Alpgm
Table 1 Transfer matrix T,,"
ar, AV, A8, )
Ar (I+ecp,) (2—e+cd,) 2a(l+e) (I+cdy) _a(l—ez)szbg 0
(1—e)? V,(I~e) I+ecd,
An, 0 : 0 0 S8,
av (GGG GG (G266 o
ok o, 9E,/ \or, o, 3, /\ov, 3o, 3E,/ \ 3B,
AV B Va(l+c¢{,) N V,(I+e+2co,) Visé, o
“ r,(1—e) V,(1-e) I+ecs,

AV, 0 0 0 —V,co,
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Transfer Matrix, Tpn . .

The matrix T, which propagates C,, (set Ar,, AV, AB,, Av,) into Coo (set Ary, Ang, AV g, AV, 7, AV,y) is defined in Table 1.
Its derivation is described in Appendix A.

An earlier method of error propagation along a conical coast arc, with no restriction on the position of the end points, is
described in Ref. 6. Its main differences from this approach are: 1) It does not include the effects of a launch vehicle-initialized,
spin-stabilized stage with a time-constrained AKM on the propagation of Ar,, AV, and AB,, into the near-apogee radial velocity
error. 2) It does not provide closed-form solutions. :

Apogee Errors Through Second Burn Transfer Matrix, T,
The matrix T4, which transforms C,, into C,, (set Ary, Any, AV p, AV, AV ), is defined by:

[ Ar, ] ! 0 0 0 0 1 [ Ar, ]

Ang 0 co, 0 0 0 An,

AVg | =] 0 0 1 0 0 AV, a1
AV 0 0 0 ca, sa, AV,
LAVfN_ L0 0 0 —sa, ca, | | AV |

AKM Errors Through Second Burn Transfer Matrix, 7,

The matrix T, which transforms the AKM errors AV axp, A agsa> Alakm» Al axm N0 A1y, Ang, AVig, AV r, AViy, is defined
by:

i Ary, ] i 0 0 0 0 1 ~ ~
AV akm
Ang 0 0 0 0
AL axm
| 4 v )
AV = 0 — Vakm 0 = (Vfca,, ~ 7 e ae) (12)
"a Alakm
AVt c(b,—a,) 0 — Vaxms (6, — ) 0
| Afagm |
L AVfN i | s(6,—a,) 0 Vakmc (8, —a,) 0 J
Table 2 Transfer matrix Tf
Ar; An, AV g AVir AV
Aaf 2(“//’/) 2 0 0 m 0
Ver
Sr
Aeyy (es+cds)/ry 0 ' 0 2(es+cor)/V, 0
Aepy 0 0 0 (elliptic orbits) 0 0
1/¥; (circular orbits)
Aif 0 S)\a /rfsif 0 0 .LS)\”
. Visis
1/r; (forip=0) 1/V; (forip=0)
AQ 0 \/szif—s:)\a 0 5.
‘f rfszif 0 Shg/( Vs i)
0 (fori;=0) 0 (fori =0)
Table3 Modified apogee error covariance matrix
rp, m n,,m VfR, m/s VfT, m/s VfN, m/s
Ty 2,135,000 0 0.07663 ~0.5886 0
n; 0 1,559,000 0 0 0.1359
Vir 1312 0 137.4 —0.03023 0.9574
Ver —2417 0 -0.9959 7.899 0
Vin 0 1939 128.3 0 130.7

30 error 4384 3745 35.16 8.43 34.29
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Table4 Modified final orbit error covariance matrix

as;,m e e is deg ﬂ/ deg
a, 17,570,000 0.9454 0.01605 0 0
ey 2.547 4.1x1077 -0.009976 0 0
€p 0.1043 -9.9x107° 2.4x10-¢ -0.9605 -0.8013
i 0 0 1.25x 104 0.0071 ~0.8856
(@ 0 0 -2.8x107° ~0.00169 5.15x1074
3gerror 12,570 0.00193 0.00465 0.2528 0.0681

The element T, (3,4), (row 3, column 4) is derived in
Appendix B, Eq. (B2).

Final Orbit Transfer Matrix, Tf

The matrix T, which transforms C,, into Cy, is defined in
Table 2, and derived in Appendix C.

Example
The following is an application to a single-stage coplanar
transfer from a suborbital ascent trajectory, which starts at
the booster separation altitude of 260 km, into a 600 km
circular Sun-synchronous orbit, using a booster-initialized
spin-stabilized stage vehicle with a time-constrained apogee
motor.

Nominal Parameters

a =5,821,992m ¢, =142deg a, =6,970,805 m
e =0.197323 r, =6,970,805m e, =0

7 =44215s V, =6774.85m/s i, =97.73 deg
r, =6,634,039m A\, =12.44degS ¢, =0deg

V, =7189.62m/s V, =7561.78m/s V,xy =786.93m/s

In the absence of a PKM and a plane change, the following
additional entries are made:

Vo=V, Vexu=0 ey=e¢ a,=a,=8,=6,=0

Expected 30 Initial Condition Errors
The expected 3o initial condition errors are:

30 Errors Correlation coefficients
Ar, =4572m Ar,—AV, =-0.3
AV, =3.35m/s Ar,—AB, =-0.8

ABO =0.06 deg AVO—.ABO =4+0.4

Ay, =0.05deg

Expected 36 AKM Errors

AV axm =5.9m/s (0.75%)
AL sxm =ALakm =2.47 deg
Al ykem =10s

The above data determine the initial condition and the
AKM error covariance matrices. The relevant transfer
matrices are obtained from the nominal parameters. Due to
the absence of PKM and plane change, the matrix T, is
irrelevant and 7,, and T,, are unity. The ‘‘modified” post-
burn and final orbit element error matrices are given in Tables
3 and 4. The modification indicates replacement of the matrix
elements above the main diagonal with the corresponding

correlation coefficients. These tables also show the 3o errors.

Conclusions
An algorithm for closed-form propagation and estimation
of the orbit insertion errors in two-impulse noncoplanar
orbital transfers, with time-constrained impulses, has been
presented. By skillful use, the flexibility of the algorithm
makes it applicable to most shuttle-based transfer missions, as
well as missions originated by conventional launchers.

Appendix A: Derivation of Transfer Matrix 7,

For generality, it is assumed that the transfer is non-
Hohman, with the transfer angle to nominal apogee less than
180 deg. The approach consists of: 1) determining the effects
of the initial point errors (Ar,, AV,, AB,, Ay,) on the
transfer orbit elements a, e, 7; 2) determining the effects of
these and of the initial point errors on the near-apogee
altitude, transverse displacement, and velocity error com-
ponents.

Effects of Arp

Effects on Transfer Orbit Elements
1) Effects on semi-major axis: From

V2iu+1/a=2r (AD)
differentiation at the initial point, with V=¥, =const. yields

da/dr,=2(a/r,)?=2{r,/(r,(I1+e)1})?  (A2)

2) Effect on period: From r=2ava’/u
d7/dr, = (87/3r,) (dr,/3r,) =37a/r} (A3)

3) Effect on eccentricity: From

e=vI1—(V2r/u) (2—Vr/p)s?B (A4)

differentiating with respect to r,, with V=V =const.,
B=8,=const., and using Eqgs. (A1), (A4), and the equation

r=a(l—e?)/(1+ecd) (AS)
one obtains
de/dr,=(e+cd,)/r, (A6)

Effects on Near-Apogee Position and Velocity
1) Effect onradius: From

r,=a(l+e) (A7)
by differentiation and use of Eqs. (A2), (AS), and (A6),
ara/arpz(1+ec¢p)(2+c¢p—e)/(1—e)2 (A8)
2) Effect on transverse displacement: dn,/dr, =0.
3) Effect on tangential velocity component: From Eq.

(A1), differentiating at apogee with V=V, and r=r,, and
substituting Egs. (A1), (A2), (A5) and (A8)

OV, r/or,=—(V,/r,) (I+c,)/(1—e) (A9)

4) Effect on radial velocity component:
a) Effect on initial condition of eccentric anomaly: From

E,=c~'[(I~r,/a)/e] (A10)
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by differentiation and use of Egs. (A2), (AS), (A6), and of the
equation

SE=rs¢/(av1—e?) (A1])

one obtains
dE,/0r,=—a(sE,/e) /rf,

0E,/dr,=0 for e=0 (A12)

b) Effect on eccentric anomaly at AKM burn: It is assumed
that the AKM is controlled by a timer. Due to variation of the
orbital period, under nominal timing conditions the AKM will
be ignited before or after true apogee. Let the true and the
eccentric anomaly at AKM burn (assumed impulsive) be

b, =7+Ad, E, =7+ AE, (A13)
Since the time from perigee is
t=(1/27) (E—esE) (A14)

the time from the initial point is
t'=t—t,=(1/27) [(E—esE) — (E,~esE,) ] (A15)
The nominal time of AKM firing is 7/2-7,,. Substituting this
for ¢’ and incrementing with errors all the variables in Eq.
(A15), yields
7/2—t,=[(1+A7)/2n]{[7+AE, — (e+Ae)s(T+AE,)]
~E,+AE,~ (et+Ae)s(E,+AE,) ]}

Simplifying and retaining only first-order terms,

oE, _ (W—Eg+esEg)_§L <1—ecEp)a_E_£
or,, 7(l+e) ar, I+e ar,
_< S._E.L)ii (A16)
I+e / or,

¢) Effect ontrue anomaly at AKM burn: From
cp=(cE—e)/(l—ecE) (A17)
differentiating with respect to E, yields
spdp={[(I—e?)sE}/(1—ecE)?}dE

By substitution of Eq. (A13) for the AKM burn conditions
and by first-order approximation:

399,/0E, =~ (I1-e)/(I1+e) (A18)
d) Effect on radial velocity component: From

r=p/(l+ec¢) and H=rl¢="pup (A19)

by time differentiation, with p and e constant
F=(3r/3¢) b= (eu/H)sp=1[eV,/(I—e)]sp  (A20)
Substituting the AKM burn condition [Eq. (A13)] and first-

order approximation yield

r=Ar=~[eV,/(I—-e)]Ad, (A21)
The component of radial velocity A¥V,, can be obtained by

inspection of Figs. 3 and Al. Since the AKM thrust is
nominally orthogonal to the apsidal line, the resultant radial
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velocity component is
AV g =AF+ Vaxm€d,5(Ad,)
Substituting . Eq. (A21), the relationship V,gucd,=
Vica, — V, and using first-order approximation
AV, p/3¢,=Vca,~V,/(1—e) (A22)

¢) Overall effects: The effect of Ar, on AV, including the
effect of the nominal AKM velocity increment, is

(3V,z/03r,) = (dV,/09,) (3¢,/0E,) (3E,/dr,)  (A23)

If the AKM ignition is independently controlled,
Vg /or,=0.

5) Effect on normal velocity component: The effect is
aV,n10r,=0.

Effects of A Vs

Effects on Transfer Orbit Elements

1) Effect on semi-major axis: Differentiating Eq. (Al) at
the initial point, with r=r, =const. yields

da/d3V,=2a2a—r,)/(r,V,) (A24)
2) Effect on period: From Eqs (A3) and (A24)
ar/dV,=(dr/3a) (9a/dV,) =37(2a~r,)/(r,V,) (A25)

3) Effect on eccentricity: Differentiating Eq. (A4) at the
initial point, with r=r, = const. and using Eqs. (A1) and (A5)

de/dV,=2(e+ce,)/V, (A26)

Effects on Near-Apogee Position and Velocity

1) Effect on radius: Differentiating Eq. (A7) and sub-
stituting Eqs. (A24), (A26), and (AS) yields

ar,/9V,=2a(l+co,)(I+e)/[V,(I—-e)] (A27)

2) Effect on transverse displacement: dn /3 V,=0.

3) Effect on tangential velocity component: From Eq.
(A1), differentiating at apogee with V=V, and r=r, and
substituting Egs. (A1), (AS), (A24), and (A27) yields

IV ur/dV, ==V, (I+e+2cd,)/[V,(I—e)]  (A28)

4) Effect on radial velocity component:

a) Effect on initial condition of eccentric anomaly: Dif-
ferentiating Eq. (A10), and substituting dr,=0 and Eqgs.
(A24), (A26), (AS), and (A1),

AE, I3V, = =250,/ (eV,N1—e?)

dE,/3V,=0 for e=0 (A29)
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b) Effect on eccentric anomaly at AKM burn: Following
the same approach leading to Eq. (A16),

6Ea__<7r—E,+esEg> ar +(1—ecEg)a_E1Z

v, r(I+e) / oV, I+e /3v,
_ sE, > ade
<I+e av, (430)

¢) Overall effects: The comprehensive effect, including the
effect of the nominal AKM velocity increment, is

BV z/3V,=(3V,/30,) (8,/3E,) (BE,/dV,)  (A3l)
If the AKM ignition is independently controlled,
3V ,x/3V,=0.
5) Effect on normal velocity component: 3V, /dV, =0.

Effects of Aﬁp

Effects on Transfer Orbit Elements

1) Effects on semi-major axis: Differentiating Eq. (Al)
with V=V, =const. and r=r, = const., yields

da/dB3,=0 (A32)

2) Effect on period: From Eq. (A3),
91/88,=0 : (A33)
3) Effect on eccentricity: Differentiating Eq. (A4) at the

initial point, with V=1V, =const. and r=r,=const., using
Egs. (A4) and (AS5) yields

de/3B, = — (1—e?)s¢,/ (1+ecs,) (A34)

Effects on Near-Apogee Position and Velocity

1) Effect on radius: Differentiating Eq. (A7) and sub-
stituting Egs. (A32) and (A34),

0r,108, = —a(1=e)s6,/ (1 +ech,) (A35)

2) Effect on transverse displacement: an,/aB,=0.
3) Effect on tangential velocity component: Differentiating
Eq. (Al) at apogee, and substituting Eqs. (A32) and (A35)

V1188, =Vs,/ (1 +ecd,) (A36)

4) Effect on radial velocity component:
a) Effect on initial condition of eccentric anomaly: Dif-

ferentiating Eq. (Al0) and substituting dr,=0 and Egs.

(A32), (A34), (AS), and (A11) yields
0E,/38,=—(e+cd,)NI—e€?/[e(I+ecd,)]  (A3T)

b) Effect on eccentric anomaly at AKM burn: Similar to
Eq. (A16)

?_& :(1—.e.CEE> (?EE - (_LSE ) E (A38)
a8, I+e B, I1+e /a8,

¢) Overall effects: The comprehensive effect is
OV, g/88,=(8V,z/30,) (30,/0E,) (OE,/3B,) (A39)

If the AKM ignition is independently controlled,
aV,r/98,=0.
5) Effect on normal velocity component: 9 Vun/38,=0.

Effects of Ay,

An azimuth error Ay, produces a transverse displacement
An, of the apogee location and a normal velocity component

J. SPACECRAFT

AV,y. Their magnitude is a function of the transfer angle
= —¢,. From simple geometrical considerations:

N, /oy, =r,s0, (A40)
W /By, =~ V,co, (Ad1)

Singular Case of Circular Transfer Orbits

The limit case of a circular transfer (e=0) occurs when a
two-point burn is used only to change the plane of a circular
orbit. The true and the eccentric anomaly at the initial point is
typically 0. Note, however, that of the three in-plane source
errors Ar,, AV,, AB, only the effects of the first two are
amenable to the limit case evaluation with e=0 and
¢, =E,=0. This is because these errors do not modify the
orientation of the apsidal line. Thus an apsis arises at the
second impulse point, and the expressions derived in the
previous sections, seeking the error propagation at that point,
yield the correct results. This is not so for AB, which rotates
the apsidal line by 90 deg. Modifying Egs. (A34) and (A38)
by using ¢, =E, =90 or 270 deg, when e=0, to account for
an apsidal line transverse to the nominal impulse line, would
yield the correct results at the true apsis, but not at the second
impulse point where they are needed. These, however, are still
obtained by ¢, =FE, =0 in Eqgs. (A35) and (A36), while Eq.
(A39) must be replaced by aVaR/BBp =V, of immediate
geometrical derivation.

Appendix B: Effects of AKM Timing Error Af xy

A timing error Afyy causes the AKM to burn at the time
7/2 1, + Al 5 from the initial point. The true and eccentric
anomalies at the burn point are given by Eq. (A13). Sub-
stitution into Eq. (A15) yields

OE, /0ty =27/ [7(1 +e) ] (B1)

The effect of Az, O AV, which is the only first-order
effect, can be computed by

Vg /0t sm = (8V 1 /09,) (86, /0E,) (OE, /31 pxn)

which, by substitution of Eqgs. (A22), (A18), and (Bl), and
T=2wVa?/pyields

3V i /Bt axns = 3V ap 10t ax = V, [V ycar, = Vo1 (1—€) 1 /1,
(B2)

By appropriate change of symbols and by observing that
AB,=AV p/V,, this expression yields the post-perigee burn
effect of a PKM timing error on path angle, i.e.,

3B, /0ty = Volca,— Vol [V, (1=ey1}r, (B3)

Appendix C: Derivation of the Transfer Matrix 7,

Let the nominal parameters of the final orbit be ay, e/, i),
Q. Soprce errors f(?r this.phase are Ary, Ang, AV, AV,
AV, i.e., the insertion point errors.

Effects of Ar,
The primary effects of Ar, are semi-major axis and apsidal

component of eccentricity variations.
Effects on semi-major axis: From Eq. (A2)
da;/or;=2(a,/rs)? €n
Effect on eccentricity (apsidal component): From Eq. (A6)

dey, /0r;= (e, +cd,) /r, (C2)

where ¢, is the nominal anomaly of the final orbit at the
insertion point.
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A Apogee
OH Perpend. to OA
0G Perpend.to OF
Fig. C1  Effects of Anj.

OF =
06 = dQ¢sinliy)

Fig. C2 Effectsof AVy,.

Effects of Any

A transverse displacement An, corresponds to a rotation
Ay, =An;/r; of the orbit plane about the radius vector
perpendicular to that at apogee. Let this rotation, represented
by the vector OH in Fig. C1, be decomposed into:

1) Component along the line of nodes, OF = Ay s(AC).

2) Component perpendicular to the line of nodes,
0G=AyY,c(AC). The first component yields an inclination
variation. The second, from the triangle CDE, yields the
nodal drift AQ,=(CD)si, = 0G| /si,. Since

S(AC)=s\, /si, ' (C3)
the above relationships yield
i, /8n;=s\,/ (rysiy)

an,/an,=—(\/szz'f—szxa)/(r,s?i,) (C4
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When i,=0, any rotation Ay, affects the nominal in-
clination, and a nominal nodal position cannot be defined,
thus

3 /an,=1/r; 3Q,/0n,=0

Effects of A Vir

A radial velocity error primarily affects the transverse
component of eccentricity. However, except for the case of a
circular final orbit, this effect is negligible. This can be seen as
follows. The path angle associated with AV, is AB,=
~AVr/V;, thus from Eq. (A32):

da,/0V =~ (1/V,) (3a,/98,) =0 (C5)
and from Eq. (A34),
de,/dVp = — (1/Vy) (de;/36,)
=[(I—ed)sd, 1/ [V, (1 +ech,) ] (C6)

For final orbit insertion at perigee or apogee, the nominal
value of ¢, is respectively 0 or =, which produces
de;/d Vg =0. However, for circular orbit insertions, a
transverse ovalization arises from AV, which in the limit
implies ¢,=7/2, and, from Eq. (C6):

den/dVig=1/V, €7

Effectsof AV

As with Ar,, AV affects only Aa, and Ae/;.
Effect on semi-major axis: From Eq. (A24)

Baf/aV/T=2af(2af—rf)/(erf) (C8)
" Effect on eccentricity: From Eq. (A26)

dey, 10V r=2(e,+c,) IV, (€9)

Effects of A VfN

The effect of AV, is a rotation of the orbit plane by the
angle A6, =AVy/V; about the line of apsides. This rotation,
represented by the vector OA of Fig. C2, can be decomposed
into: 1) component along the line of nodes, and 2) component
perpendicular to the line of nodes. As before, the second
component produces the nodal rotation AQf Al s(AC)/siy,
thus substituting from Eq. (C4):

alf/aVﬂvz ( Vszif—sz)\a)/ ( VfSlf)
3Q,/0V y=sN,/ (Vs2i)) (C10)
Similarly, for i, =0, 3i,/dV,y=1/V}, and 82,/dV 1 =0.
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